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Abstract
Flajolet and Salvy pointed out that every Euler sum is a Q-linear combination of multiple zeta values.
However, in the literature, there is no formula completely revealing this relation. In this paper, using
permutations and compositions, we establish two explicit formulas for the Euler sums, and show that
all the Euler sums are indeed expressible in terms of MZVs. Moreover, we apply this method to the
alternating Euler sums, and show that all the alternating Euler sums are reducible to alternating MZVs.
Some famous results, such as the Euler theorem, the Borwein–Borwein–Girgensohn theorems, and the
Flajolet–Salvy theorems can be obtained directly from our theory. Some other special cases, such as the
explicit expressions of Srm,q, Sr¯m,q, Srm,q¯ and Sr¯m,q¯, are also presented here. The corresponding Maple
programs are developed to help us compute all the sums of weight w ≤ 11 for non-alternating case and
of weight w ≤ 6 for alternating case.
AMS classification : 40A25; 11B83; 11M32
Keywords : Compositions; Euler sums; Harmonic numbers; Multiple zeta values; Permutations
1. Introduction
The generalized harmonic numbers are defined by
H
(r)
0 = 0 and H
(r)
n =
n∑
k=1
1
kr
for n, r = 1, 2, . . . .
When r = 1, they reduce to the classical harmonic numbers, denoted as Hn = H
(1)
n .
Let pi = (pi1, pi2, . . . , pik) be a partition of the positive integer p into k summands, that is,
p = pi1 + pi2 + · · · + pik and pi1 ≤ pi2 ≤ · · · ≤ pik. Let q be a positive integer with q ≥ 2. Define
the Euler sum of index (pi, q) by
Spi,q := Spi1pi2···pik,q =
∞∑
n=1
H
(pi1)
n H
(pi2)
n · · ·H
(pik)
n
nq
. (1.1)
The quantity pi1+ · · ·+ pik + q is called the “weight ” of the sum, and the quantity k is called the
“degree” (see [21, Section 1]). Since repeated summands in partitions are indicated by powers,
we denote, for instance, the sum
S12235,q := S112225,q =
∞∑
n=1
H2n(H
(2)
n )3H
(5)
n
nq
.
The Euler sums have a history that can be traced back to 1742. In response to a letter from
Goldbach, Euler considered sums Sp,q (see Berndt [3, p. 253]). These sums are named as linear
Euler sums today, and those involving products of at least two harmonic numbers are called
nonlinear Euler sums.
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Additionally, let
H¯
(r)
0 = 0 and H¯
(r)
n =
n∑
k=1
(−1)k−1
kr
for n, r = 1, 2, . . .
be the alternating harmonic numbers, and define the two kinds of alternating Euler sums by
Si1···il i¯l+1···¯im,q =
∞∑
n=1
H
(i1)
n · · ·H
(il)
n H¯
(il+1)
n · · · H¯
(im)
n
nq
, (1.2)
Si1···il i¯l+1···¯im,q¯ =
∞∑
n=1
(−1)n−1
H
(i1)
n · · ·H
(il)
n H¯
(il+1)
n · · · H¯
(im)
n
nq
, (1.3)
where 1 ≤ i1 ≤ · · · ≤ il and 1 ≤ il+1 ≤ · · · ≤ im. It is obvious that when m − l = 0, the
alternating Euler sums (1.2) reduce to the classical non-alternating Euler sums (1.1).
Besides Euler and Goldbach, many mathematicians studied the problem of Euler sums. For
example, in 1994, Bailey et al. [2] conducted a rather extensive numerical search to determine
whether or not some particular (alternating) Euler sums can be expressed as rational linear
combinations of several given constants. In 1995, Borwein et al. [8] proved that the quadratic
sums S12,q can reduce to linear sums S2,q and polynomials in zeta values, where the zeta values
are the values of the Riemann zeta function ζ(s) =
∑∞
k=1 1/k
s at the positive integers. In
1998, Flajolet and Salvy [21] used the contour integral representations and residue computation
to study several classes of Euler sums. Other works on (alternating) Euler sums can be found
in [1,7,11,14–20,22,23,30,32,34–38,40,41,56]. Despite the tremendous efforts, it can be seen that
most of the (alternating) sums remain unknown, and how to compute these sums by formulas or
algorithms is still a challenge to us.
Recently, rapid progress has been made in this field. Using the Bell polynomials, generating
functions, integrals of special functions, multiple zeta (star) values, the Stirling sums and the
Tornheim type series, we study the (alternating) Euler sums systematically [42–44,46–51,53,54].
As a consequence, the evaluation of all the unknown Euler sums up to the weight 11 are presented,
and a basis of Euler sums of weight 3 ≤ w ≤ 11 is
w = 3 : ζ(3),
w = 4 : ζ(4),
w = 5 : ζ(5), ζ(2)ζ(3),
w = 6 : ζ(6), ζ2(3),
w = 7 : ζ(7), ζ(2)ζ(5), ζ(3)ζ(4),
w = 8 : ζ(8), ζ(3)ζ(5), ζ(2)ζ2(3), S2,6,
w = 9 : ζ(9), ζ(2)ζ(7), ζ(3)ζ(6), ζ(4)ζ(5), ζ3(3),
w = 10 : ζ(10), ζ(3)ζ(7), ζ2(5), ζ(2)ζ(3)ζ(5), ζ2(3)ζ(4), ζ(2)S2,6, S2,8,
w = 11 : ζ(11), ζ(2)ζ(9), ζ(3)ζ(8), ζ(4)ζ(7), ζ(5)ζ(6), ζ2(3)ζ(5), ζ(2)ζ3(3),
ζ(3)S2,6, S18,2.
On the other hand, according to Hoffman [25] and Zagier [55], themultiple zeta values (MZVs)
are defined by
ζ(s1, s2, . . . , sk) :=
∑
n1>n2>···>nk≥1
1
ns11 n
s2
2 · · ·n
sk
k
,
where s1, s2, . . . , sk are all positive integers with s1 > 1. The k in the above definition is named
the “ length” or “depth” of a MZV, and the n = s1 + s2 + · · · + sk is known as the “weight ”.
Usually, when writing MZVs, we denote n repetitions of a substring by {· · · }n. For example,
ζ(2, 1, 2, 1, 3) = ζ({2, 1}2, 3). The partial sums
ζn(s1, s2, . . . , sk) :=
∑
n≥n1>n2>···>nk≥1
1
ns11 n
s2
2 · · ·n
sk
k
(1.4)
2
are called the multiple harmonic sums (MHSs) [24]. By convention, ζn(s1, s2, . . . , sk) = 0 for
n < k, and ζn(∅) = 1.
Similarly, the alternating multiple harmonic sums (alternating MHSs) are defined by
ζn(s1, s2, . . . , sk;σ1, σ2, . . . , σk) =
∑
n≥n1>n2>···>nk≥1
σn11 σ
n2
2 · · · σ
nk
k
ns11 n
s2
2 · · · n
sk
k
,
where sj are positive integers, σj = ±1, for j = 1, 2, . . . , k, with (s1, σ1) 6= (1, 1). The limit cases
of alternating MHSs give rise to alternating multiple zeta values (alternating MZVs for short;
also called k-fold Euler sums [5, 9, 24]):
ζ(s1, s2, . . . , sk;σ1, σ2, . . . , σk) = lim
n→∞
ζn(s1, s2, . . . , sk;σ1, σ2, . . . , σk) . (1.5)
For convenience, when writing alternating MHSs and MZVs, we shall combine the strings of
exponents and signs into a single string, with sj in the jth position when σj = +1, and s¯j in the
jth position when σj = −1. For example,
ζ(s¯1, s2, . . . , s¯k) =
∑
n1>n2>···>nk≥1
(−1)n1+nk
ns11 n
s2
2 · · ·n
sk
k
.
In particular, it is known that
ζ(s¯) =
∞∑
n=1
(−1)n
ns
= (21−s − 1)ζ(s) , (1.6)
with ζ(1¯) = − ln(2).
MZVs and alternating MZVs have been of interest to mathematicians and physicists for a
long time. The systematic study of them began in the early 1990s with the works of Hoff-
man [25, 26] and Zagier [55], but the number ζ(6¯, 2¯) appeared in the quantum field theory
literature in 1986 [12], well before the phrase “multiple zeta values” had been coined. They are
essential to the connection of knot theory with quantum field theory [13, 27], and they became
even more important when higher order calculations in quantum electrodynamics and quantum
chromodynamics started to need the multiple harmonic sums [5, 6].
According to Minh and Petitot [31, 33], all the MZVs up to the weight 16 are reducible to
ζ(2), ζ(6, 2), ζ(8, 2), ζ(10, 2), ζ(8, 2, 1), ζ(8, 2, 1, 1), etc., and ζ(s), where s = 3, 5, 7, 9, 11, 13, 15.
The evaluations of the MZVs up to the weight 9 and some MZVs of weight 10 are presented
in [31], and a Maple program to compute MZVs up to the weight 16 is given in [33]. Blümlein
et al. [5] further investigated the MZVs up to the weight 22 to derive basis-representations for
all individual values by the Multiple Zeta Value data mine (henceforth MZVDM). Similarly,
extensive tables of the alternating MZVs were compiled, first by Bigotte et al. by means of
Lyndon words and Shuffle algebras [4], and later by Blümlein et al. as part of MZVDM [5]. A
basis for the Q-vector space spanned by the set of alternating MZVs of weight 1 ≤ w ≤ 6 is also
given in [5]:
w = 1 : ln(2),
w = 2 : ζ(2), ln2(2),
w = 3 : ζ(3), ζ(2) ln 2, ln3(2),
w = 4 : Li4(1/2), ζ(4), ζ(3) ln(2), ζ(2) ln
2(2), ln4(2),
w = 5 : Li5(1/2), ζ(5), Li4(1/2) ln(2), ζ(4) ln(2), ζ(2)ζ(3), ζ(3) ln
2(2),
ζ(2) ln3(2), ln5(2),
w = 6 : Li6(1/2), ζ(6), ζ(5¯, 1¯), Li5(1/2) ln(2), ζ(5) ln(2), Li4(1/2)ζ(2), Li4(1/2) ln
2(2),
ζ(4) ln2(2), ζ2(3), ζ(2)ζ(3) ln(2), ζ(3) ln3(2), ζ(2) ln4(2), ln6(2),
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where Liq(t) are the polylogarithm functions defined by Liq(t) =
∑∞
k=1 t
k/kq for |t| < 1.
As remarked by Flajolet and Salvy [21], every Euler sum of weight w and degree k is a Q-linear
combination of MZVs of weight w and depth at most k + 1. However, in the literature, there is
no formula completely revealing this relation. In this paper, using the properties of permutations
and compositions, we establish two explicit formulas for the Euler sums, and show that all the
Euler sums are indeed expressible in terms of MZVs. Moreover, we apply this method to the
alternating Euler sums, and show that all the alternating Euler sums are reducible to alternating
MZVs. The corresponding Maple programs are also provided, so that the expressions of the
(alternating) Euler sums in terms of (alternating) MZVs can be computed automatically. If we
further use the evaluations of (alternating) MZVs, the explicit formulas of (alternating) Euler
sums in terms of the bases can be finally determined.
The paper is organized as follows. In Sections 2 and 4, we use the permutations and com-
positions to establish the explicit formulas of (alternating) Euler sums in terms of (alternating)
MZVs. In Sections 3 and 5, we consider some special cases of the general results, including
the expressions of Srm,q, Sr¯m,q, Srm,q¯ and Sr¯m,q¯. Several famous results can also be obtained,
such as the Euler theorem, the Borwein–Borwein–Girgensohn theorems and the Flajolet–Salvy
theorems. Finally, in Section 6, we introduce our Maple package briefly.
2. Explicit formulas of Euler sums in terms of MZVs
By convention, let Sm be the symmetric group of all permutations on m symbols. In addition,
define a composition of m be an ordered tuple of positive integers whose elements sum to m, and
let Cm be the set of all compositions of m. For example, there are eight compositions of 4:
C4 = {[4], [1, 3], [2, 2], [3, 1], [1, 1, 2], [1, 2, 1], [2, 1, 1], [1, 1, 1, 1]} .
Using permutations and compositions of m, the following explicit formula of the Euler sums can
be established.
Theorem 2.1. Let i1, i2, . . . , im ≥ 1 and q ≥ 2 be positive integers. For a composition ξ :=
(ξ1, ξ2, . . . , ξp) ∈ Cm and a permutation σ ∈ Sm, let I
(m)
σ = (iσ(1), . . . , iσ(m)), and denote
Jc(I
(m)
σ ) = iσ(ξ1+···+ξc−1+1) + · · ·+ iσ(ξ1+···+ξc) , for c = 1, 2, . . . , p .
Then the Euler sums Si1i2···im,q are expressible in terms of MZVs:
Si1i2···im,q =
∑
ξ∈Cm
∑
σ∈Sm
1
ξ1!ξ2! · · · ξp!
{
ζ(q, J1(I
(m)
σ ), J2(I
(m)
σ ), . . . , Jp(I
(m)
σ ))
+ζ(q + J1(I
(m)
σ ), J2(I
(m)
σ ), . . . , Jp(I
(m)
σ ))
}
. (2.1)
Proof. Let us compute
m∏
j=1
H
(ij)
n =
∑
n≥n1,n2,...,nm≥1
1
ni11 n
i2
2 · · · n
im
m
. (2.2)
To deal with the multiple sum on the right, we should consider all the possible weak orderings on
{n1, n2, . . . , nm}. These fall into natural classes which correspond to compositions of m. Given
a composition ξ = (ξ1, ξ2, . . . , ξp) ∈ Cm, we obtain the natural ordering
n ≥ n1 = · · · = nξ1 > nξ1+1 = · · · = nξ1+ξ2 > · · · > nξ1+···+ξp−1+1 = · · · = nm ≥ 1 , (2.3)
which corresponds to the multiple harmonic sum
ζn(i1 + · · ·+ iξ1 , iξ1+1 + · · · + iξ1+ξ2 , . . . , iξ1+···+ξp−1+1 + · · ·+ im) .
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It is evident that any ordering in the class of composition ξ = (ξ1, ξ2, . . . , ξp) can be obtained by
applying a permutation of {1, 2, . . . ,m}, say σ, to (2.3):
n ≥ nσ(1) = · · · = nσ(ξ1) > nσ(ξ1+1) = · · · = nσ(ξ1+ξ2)
> · · · > nσ(ξ1+···+ξp−1+1) = · · · = nσ(m) ≥ 1 .
But swaps of equal elements do not matter, so we must divide the intermediate result by
ξ1!ξ2! · · · ξp!. Thus, the distinct weak orderings in the class ξ = (ξ1, ξ2, · · · , ξp) contribute
∑
σ∈Sm
ζn(J1(I
(m)
σ ), J2(I
(m)
σ ), . . . , Jp(I
(m)
σ ))
ξ1!ξ2! · · · ξp!
to the sum (2.2), and summing over Cm gives
m∏
j=1
H
(ij)
n =
∑
ξ∈Cm
∑
σ∈Sm
ζn(J1(I
(m)
σ ), J2(I
(m)
σ ), . . . , Jp(I
(m)
σ ))
ξ1!ξ2! · · · ξp!
. (2.4)
Finally, multiplying (2.4) by 1/nq, summing over n, and using the definitions of Euler sums and
MZVs, we obtain the result (2.1).
Besides Theorem 2.1, we can establish another explicit formula of the Euler sums by permu-
tations and compositions.
Theorem 2.2. Let i1, i2, . . . , im ≥ 2 and q ≥ 2 be positive integers. For a composition η :=
(η1, η2, . . . , ηp) ∈ Cl and a permutation τ ∈ Sl, let I
(l)
τ = (ijτ(1) , . . . , ijτ(l)), and denote
J˜c(I
(l)
τ ) = ijτ(η1+···+ηc−1+1) + · · · + ijτ(η1+···+ηc) , for c = 1, 2, . . . , p .
Then the Euler sums Si1i2···im,q are expressible in terms of MZVs:
Si1i2···im,q
=
m∑
l=0
(−1)l
∑
1≤j1<···<jl≤m
m∏
k=1
ζ(ik)
l∏
k=1
ζ(ijk)
∑
η∈Cl
∑
τ∈Sl
ζ(J˜1(I
(l)
τ ), J˜2(I
(l)
τ ), . . . , J˜p(I
(l)
τ ), q)
η1!η2! · · · ηp!
. (2.5)
Proof. The product of harmonic numbers can be rewritten as
m∏
j=1
H
(ij)
n =
m∏
j=1
{ζ(ij)− (ζ(ij)−H
(ij)
n )}
=
m∑
l=0
(−1)l
∑
1≤j1<···<jl≤m
m∏
k=1
ζ(ik)
l∏
k=1
ζ(ijk)
l∏
k=1
{ζ(ijk)−H
(ijk )
n } .
Therefore, the Euler sums Si1i2···im,q satisfy
Si1i2···im,q =
m∑
l=0
(−1)l
∑
1≤j1<···<jl≤m
m∏
k=1
ζ(ik)
l∏
k=1
ζ(ijk)
∞∑
n=1
1
nq
l∏
k=1
{ζ(ijk)−H
(ijk )
n } . (2.6)
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Similarly to the proof of (2.4), by means of the permutations and compositions, we have
l∏
k=1
{ζ(ijk)−H
(ijk )
n } =
∑
n1,n2,...,nl>n
1
n
ij1
1 n
ij2
2 · · ·n
ijl
l
=
∑
η∈Cl
∑
τ∈Sl
ζ>n(J˜1(I
(l)
τ ), J˜2(I
(l)
τ ), . . . , J˜p(I
(l)
τ ))
η1!η2! · · · ηp!
,
where ζ>n(s1, s2, . . . , sk) are multiple sums defined by
ζ>n(s1, s2, . . . , sk) :=
∑
n1>n2>···>nk>n
1
ns11 n
s2
2 · · ·n
sk
k
.
Then using the definition of MZVs, we obtain from (2.6) the final result (2.5).
3. Some special cases of Theorems 2.1 and 2.2
In this section, by the evaluations and identities of MZVs, we give some special cases of
Theorems 2.1 and 2.2. Some famous results will be obtained, such as the Euler theorem, the
Borwein–Borwein–Girgensohn theorems and the Flajolet–Salvy theorems.
According to [1, Section 6], the MZVs ζ(k + 1, {1}l) can be determined by the values of the
integrals W (k, l):
ζ(k + 1, {1}l) =
(−1)k+l
k!l!
W (k, l) (3.1)
(see also [43, Eq. (2.18)] and [46, Eq. (2.27)]). Here the integrals
W (k, l) :=
∫ 1
0
lnk(t) lnl(1− t)
1− t
dt
were introduced by Kölbig [28, 29] in 1980s, and reconsidered recently by us [42, 43, 46, 53] to
study the Euler sums. From these works, we know that
W (k, l) =
(−1)k+l(k + l)!ζ(k + l + 1)
l + 1
−
k−1∑
i=1
l∑
j=1
(
k − 1
i− 1
)(
l
j
)
(−1)i+j(i+ j − 1)!ζ(i + j)W (k − i, l − j) (3.2)
for k ≥ 1 and l ≥ 0, with
W (1, l) = (−1)l+1l!ζ(l + 2) , W (k, 0) = (−1)kk!ζ(k + 1) ,
and
W (k, l − 1)
k!(l − 1)!
=
W (l, k − 1)
l!(k − 1)!
. (3.3)
By (3.1)–(3.3), the MZVs ζ(k + 1, {1}l) are reducible to zeta values. For example, we have
ζ(q, 1) =
q
2
ζ(q + 1)−
1
2
q−2∑
i=1
ζ(i+ 1)ζ(q − i) ,
ζ(q, 1, 1) =
q(q + 1)
6
ζ(q + 2) +
1
2
ζ(2)ζ(q)−
q
4
q−2∑
j=0
ζ(j + 2)ζ(q − j)
6
+
1
6
q−2∑
j=2
ζ(q − j)
j−2∑
i=0
ζ(i+ 2)ζ(j − i) ,
which, combined with Theorem 2.1, give the next two corollaries.
Corollary 3.1 (the Euler theorem and the Borwein–Borwein–Girgensohn theorem). For integers
p ≥ 1 and q ≥ 2, the linear Euler sums Sp,q satisfy
Sp,q = ζ(q, p) + ζ(p+ q) , (3.4)
S1,q =
(q
2
+ 1
)
ζ(q + 1)−
1
2
q−2∑
i=1
ζ(i+ 1)ζ(q − i) . (3.5)
In particular, for any odd weight w = p+ q, the sums Sp,q satisfy
Sp,q =
1− (−1)p
2
ζ(p)ζ(q) +
1
2
ζ(w)
{
1− (−1)p
(
w − 1
q
)
− (−1)p
(
w − 1
p
)}
+ (−1)p
w−1
2∑
k=1
{(
w − 2k − 1
p− 1
)
+
(
w − 2k − 1
q − 1
)}
ζ(2k)ζ(w − 2k) , (3.6)
where ζ(1) should be interpreted as 0 wherever it occurs.
Proof. Setting m = 1 and i1 = p in Theorem 2.1, we obtain (3.4), which can also be verified
directly by the definitions of Euler sums and MZVs (see, e.g., [43, Eq. (2.23)]). Setting p = 1
in (3.4) yields (3.5), which is in fact the famous Euler theorem (see, e.g., [21, Theorem 2.2]).
According to Borwein et al. [9, Section 4] and Teo [39, Theorem 2.10], the (alternating) MZVs
of depth 2 satisfy
ζ(s, t;σ, τ) =
1
2
{−λs+t + (1 + (−1)
s)ζ(s;σ)ζ(t; τ) + µs+t} −
∑
0<k<(s+t)/2
λ2kµs+t−2k , (3.7)
where s+ t is odd, λr = ζ(r;στ) and
µr = (−1)
s
{(
r − 1
s− 1
)
ζ(r;σ) +
(
r − 1
t− 1
)
ζ(r; τ)
}
.
Thus, when p+ q is odd and p, q > 1, by the Euler reflection formula
ζ(a, b) + ζ(b, a) = ζ(a)ζ(b)− ζ(a+ b) (3.8)
and (3.7), we obtain (3.6), which also holds for p = 1 if we denote ζ(1) := 0. Note that (3.6) is
one of the Borwein–Borwein–Girgensohn theorems [21, Theorem 3.1], extrapolated first by Euler
without proof, and verified by Borwein et al. in [8].
Corollary 3.2 (the Flajolet–Salvy theorem and the Borwein–Borwein–Girgensohn theorem).
For integers i1, i2 ≥ 1 and q ≥ 2, the quadratic Euler sums Si1i2,q satisfy
Si1i2,q = ζ(q, i1 + i2) + ζ(q, i1, i2) + ζ(q, i2, i1)
+ ζ(q + i1 + i2) + ζ(q + i1, i2) + ζ(q + i2, i1) . (3.9)
Thus, for any even weight w = i1 + i2 + q, with i1, i2 > 1, the sums Si1i2,q are reducible to linear
sums and zeta values. Moreover, the sums S12,q satisfy
S12,q = S2,q +
(q + 1)(q + 3)
3
ζ(q + 2) + ζ(2)ζ(q)−
q + 2
2
q−2∑
j=0
ζ(j + 2)ζ(q − j)
7
+
1
3
q−2∑
j=2
ζ(q − j)
j−2∑
i=0
ζ(i+ 2)ζ(j − i) . (3.10)
Thus, the sums S12,q reduce to linear sums S2,q and polynomials in zeta values, and for any odd
integer q ≥ 3, the sums S12,q reduce to zeta values.
Proof. Settingm = 2 in Theorem 2.1, and noting that C2 = {[2], [1, 1]} and S2 = {(1)(2), (1, 2)},
we obtain (3.9). According to Borwein and Girgensohn [10], the MZVs ζ(q, i1, i2) and ζ(q, i2, i1)
are reducible to zeta values and MZVs of depth 2 when the weight w = i1 + i2 + q is even, then
for i1, i2 > 1, the sums Si1i2,q are reducible to linear sums and zeta values. This is in fact one of
the Flajolet–Salvy theorems [21, Theorem 4.2].
Now, setting further i1 = i2 = 1 in (3.9), using (3.4), and substituting the evaluations of
ζ(q, 1) and ζ(q, 1, 1), we obtain (3.10), which is another Borwein–Borwein–Girgensohn theorem
[21, Theorem 4.1].
Similarly, setting m = 3 in Theorem 2.1 yields the explicit formula of Si1i2i3,q, which has 26
terms. Setting further i1 = i2 = i3 = 1 gives
S13,q = ζ(q, 3) + ζ(q + 3) + 3{ζ(q, 1, 2) + ζ(q + 1, 2) + ζ(q, 2, 1) + ζ(q + 2, 1)}
+ 6{ζ(q, {1}3) + ζ(q + 1, 1, 1)} . (3.11)
Using Eq. (3.4) and
ζ(k, i, j) + ζ(k, j, i) = Sij,k − Si,j+k − Sj,i+k − Si+j,k + 2ζ(i+ j + k) , (3.12)
for integers j ≥ i ≥ 1 and k ≥ 2 (see [43, Theorem 2.7]), we rewrite (3.11) as
S13,q = 3S12,q − 2S3,q + 6ζ(q, {1}3) + 6ζ(q + 1, 1, 1) .
This leads us to the following known result [21, Theorem 5.1 (1)]:
Corollary 3.3 (the Flajolet–Salvy theorem). For odd weights, the cubic combinations S13,q −
3S12,q are expressible in terms of zeta values.
In fact, a general formula for the sums Srm,q can be derived from Theorem 2.1.
Theorem 3.4. For integers r ≥ 1 and q ≥ 2, the Euler sums Srm,q satisfy
Srm,q =
∑
ξ∈Cm
(
m
ξ1, ξ2, . . . , ξp
)
{ζ(q, rξ1, rξ2, . . . , rξp) + ζ(q + rξ1, rξ2, . . . , rξp)} , (3.13)
where ξ := (ξ1, ξ2, . . . , ξp) and(
m
ξ1, ξ2, . . . , ξp
)
:=
m!
ξ1!ξ2! · · · ξp!
are the multinomial coefficients.
Proof. In this case, i1 = i2 = · · · = im = r. Thus, given a composition ξ = (ξ1, ξ2, . . . , ξp) ∈ Cm,
for any σ ∈ Sm, there holds Jc(I
(m)
σ ) = rξc, for c = 1, 2, . . . , p, and the corresponding summand
equals
1
ξ1!ξ2! · · · ξp!
{ζ(q, rξ1, rξ2, . . . , rξp) + ζ(q + rξ1, rξ2, . . . , rξp)} .
Then we obtain the desired result.
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Now, let us establish the explicit formulas for the quadratic sums Sr2,r and the cubic sums
Sr3,r from Theorem 3.4 and identities on MZVs.
By the shuffle relations, the Euler reflection formula (3.8) can be generalized:
ζ(a, b, c) + ζ(a, c, b) + ζ(b, a, c) + ζ(b, c, a) + ζ(c, a, b) + ζ(c, b, a)
= ζ(a)ζ(b)ζ(c) + 2ζ(a+ b+ c)− ζ(a)ζ(b+ c)− ζ(b)ζ(a+ c)− ζ(c)ζ(a+ b) , (3.14)
for a, b, c ≥ 2. Moreover, (3.8) gives
ζ(r, r) =
1
2
{ζ2(r)− ζ(2r)} , (3.15)
which, combined with the recurrence
ζ({r}m) =
(−1)m−1
m
m−1∑
i=0
(−1)iζ({r}i)ζ(rm− ri)
(see [46, Eq. (4.6)]), yields
ζ({r}3) =
1
6
ζ3(r)−
1
2
ζ(r)ζ(2r) +
1
3
ζ(3r) , (3.16)
ζ({r}4) =
1
24
ζ4(r)−
1
4
ζ2(r)ζ(2r) +
1
3
ζ(r)ζ(3r) +
1
8
ζ2(2r)−
1
4
ζ(4r) . (3.17)
Using these identities, we obtain the following corollary.
Corollary 3.5. For any integer r ≥ 2, the quadratic Euler sums Sr2,r and the cubic Euler sums
Sr3,r satisfy
Sr2,r =
1
3
ζ3(r)−
1
3
ζ(3r) + Sr,2r , (3.18)
Sr3,r =
1
4
ζ4(r) +
3
4
ζ2(2r) + ζ(4r)− Sr,3r +
3
2
Sr2,2r −
3
2
S2r,2r . (3.19)
Thus, all the sums Sr2,r and Sr3,r are reducible to linear sums and polynomials in zeta values.
In particular, for any odd integer r ≥ 3, the sums Sr2,r are expressible in terms of zeta values.
Proof. From (3.13), we have
Sr2,r = ζ(r, 2r) + ζ(3r) + 2ζ(r, r, r) + 2ζ(2r, r) ,
Sr3,r = ζ(r, 3r) + ζ(4r) + 3{ζ(r, 2r, r) + ζ(3r, r) + ζ(r, r, 2r) + ζ(2r, 2r)}
+ 6{ζ({r}4) + ζ(2r, r, r)} .
By means of (3.4), (3.12) and (3.8)–(3.17), we obtain (3.18) and (3.19). Next, according to the
Flajolet-Salvy theorem [21, Theorem 4.2], Sr2,2r are reducible to linear sums and polynomials
in zeta values, so the remark in the corollary also holds. Note that (3.18) has been presented
in [53, Eq. (3.40)].
Example 3.1. Using Corollary 3.5 as well as the evaluations of some linear Euler sums, we have
S42,4 =
690247
16584
ζ(12)− 16ζ(3)ζ(9) − 28ζ(5)ζ(7) + 8S2,10 ,
S52,5 =
4505
3
ζ(15)− 15ζ(8)ζ(7) − 70ζ(6)ζ(9) − 220ζ(4)ζ(11) − 715ζ(2)ζ(13) +
1
3
ζ3(5) ,
and
S23,2 =
1285
32
ζ(8)− 60ζ(3)ζ(5) + 9ζ(2)ζ2(3) +
31
2
S2,6 ,
9
S33,3 =
478711
1382
ζ(12) +
9
2
ζ(3)ζ(9)− 309ζ(5)ζ(7) + 27ζ(2)ζ2(5) − 63ζ(2)ζ(3)ζ(7)
+
1
4
ζ4(3)−
9
4
S2,10 +
63
2
ζ(2)S2,8 .
The readers may try to obtain the evaluations of some other Euler sums by this corollary.
By specifying the parameters, we can also obtain many special cases from Theorem 2.2. For
example, setting m = 1, 2 gives
Sp,q = ζ(p)ζ(q)− ζ(p, q) ,
Si1i2,q = ζ(i1)ζ(i2)ζ(q)− ζ(i2)ζ(i1, q)− ζ(i1)ζ(i2, q) + ζ(i1 + i2, q)
+ ζ(i1, i2, q) + ζ(i2, i1, q) ,
for i1, i2, p, q ≥ 2. Additionally, we have the next result.
Theorem 3.6. For integers r, q ≥ 2, the Euler sums Srm,q satisfy
Srm,q =
m∑
l=0
∑
η∈Cl
(−1)l
(
m
l
)(
l
η1, η2, . . . , ηp
)
ζm−l(r)ζ(rη1, rη2, . . . , rηp, q) , (3.20)
where η := (η1, η2, . . . , ηp).
4. Alternating Euler sums and expansion of product of sums
In this section, we establish a general result on product of sums, and show that the two kinds
of alternating Euler sums given in (1.2) and (1.3) can be evaluated by alternating MZVs.
For positive integers j and k, let aj(k) be functions on k. Define the partial sums
Sn(aj) :=
n∑
k=1
aj(k)
and
Sn(a1, a2, . . . , am) =
∑
n≥n1>n2>···>nm≥1
a1(n1)a2(n2) · · · am(nm) .
Now, consider the product of sums
∏m
j=1 Sn(aj). By computation, we have
m∏
j=1
Sn(aj) =
∑
n≥n1,n2,...,nm≥1
a1(n1)a2(n2) · · · am(nm) .
Similarly to the proof of (2.4), by discussing all the possible weak orderings on {n1, n2, . . . , nm},
and using permutations and compositions, we obtain the following general expansion.
Theorem 4.1. For a composition θ := (θ1, θ2, . . . , θp) ∈ Cm and a permutation ρ ∈ Sm, let
A
(m)
ρ = (aρ(1), . . . , aρ(m)), and denote
Tc(A
(m)
ρ ) = aρ(θ1+···+θc−1+1) × · · · × aρ(θ1+···+θc) , for c = 1, 2, . . . , p ,
be products of functions. Then the product of sums
∏m
j=1 Sn(aj) can be expanded as
m∏
j=1
Sn(aj) =
∑
θ∈Cm
∑
ρ∈Sm
Sn(T1(A
(m)
ρ ), T2(A
(m)
ρ ), . . . , Tp(A
(m)
ρ ))
θ1!θ2! · · · θp!
. (4.1)
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Proof. Given a composition θ := (θ1, θ2, . . . , θp) ∈ Cm and a permutation ρ ∈ Sm, we have the
natural ordering
n ≥ nρ(1) = · · · = nρ(θ1) > nρ(θ1+1) = · · · = nρ(θ1+θ2)
> · · · > nρ(θ1+···+θp−1+1) = · · · = nρ(m) ≥ 1 ,
which corresponds to the sum
∑
n≥n1>n2>···>np≥1
θ1∏
k=1
aρ(k)(n1)
θ2∏
k=1
aρ(θ1+k)(n2) · · ·
θp∏
k=1
aρ(θ1+···+θp−1+k)(np)
= Sn(T1(A
(m)
ρ ), T2(A
(m)
ρ ), . . . , Tp(A
(m)
ρ )) .
Thus, the desired expansion can be established.
It can be found that Eq. (2.4) is a special case of this theorem. Define aj(k) := 1/k
ij , for
k ∈ N, then Sn(aj) = H
(ij)
n and
m∏
j=1
Sn(aj) =
m∏
j=1
H
(ij)
n .
By computation, we have
Tc(A
(m)
ρ ) : nc −→
1
n
iρ(θ1+···+θc−1+1)+···+iρ(θ1+···+θc)
c
, for c = 1, 2, . . . , p and nc ∈ N .
Hence, by the definition of MHS, we obtain (2.4).
We can also apply Theorem 4.1 to products of harmonic numbers and alternating harmonic
numbers, and finally establish the explicit formulas of alternating Euler sums (1.2) and (1.3).
Let fN be the characteristic function on the set of positive integers:
fN(x) :=
{
1 , x ∈ N ,
0 , x /∈ N .
Then we have
Theorem 4.2. The alternating Euler sums Si1···il i¯l+1···¯im,q are expressible in terms of alternating
MZVs:
Si1···il i¯l+1···¯im,q =
∑
θ∈Cm
∑
ρ∈Sm
(−1)λ1+···+λp
θ1! · · · θp!
{
ζ(q, T˜1(A
(m)
ρ ), . . . , T˜p(A
(m)
ρ ))
+ζ(Tˆ1(A
(m)
ρ ), T˜2(A
(m)
ρ ), . . . , T˜p(A
(m)
ρ ))
}
,
where θ := (θ1, θ2, . . . , θp),
λc =
θc∑
k=1
fN(ρ(θ1 + · · · + θc−1 + k)− l) , (4.2)
and the parameters in the alternating MZVs are defined by
T˜c(A
(m)
ρ ) =
{
iρ(θ1+···+θc−1+1) + · · ·+ iρ(θ1+···+θc) , if λc is odd ,
iρ(θ1+···+θc−1+1) + · · ·+ iρ(θ1+···+θc) , if λc is even ,
(4.3)
Tˆ1(A
(m)
ρ ) =
{
q + iρ(1) + · · ·+ iρ(θ1) , if λ1 is odd ,
q + iρ(1) + · · ·+ iρ(θ1) , if λ1 is even ,
for c = 1, 2, . . . , p.
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Proof. In this case, we should consider the product
∏l
j=1H
(ij)
n
∏m
j=l+1 H¯
(ij)
n . Since
aj(k) :=
{
1/kij , j = 1, . . . , l ,
(−1)k−1/kij , j = l + 1, . . . ,m ,
the functions Tc(A
(m)
ρ ) = aρ(θ1+···+θc−1+1) × · · · × aρ(θ1+···+θc) are
Tc(A
(m)
ρ ) : nc −→
(−1)λc(nc−1)
n
iρ(θ1+···+θc−1+1)+···+iρ(θ1+···+θc)
c
,
for nc ∈ N and c = 1, 2, . . . , p. Therefore, the product
∏l
j=1H
(ij)
n
∏m
j=l+1 H¯
(ij)
n can be expanded
as a multiple summation. Multiplying the expansion by 1/nq and summing over n, we obtain
the final result.
Similarly, from the expansion of
∏l
j=1H
(ij)
n
∏m
j=l+1 H¯
(ij)
n , multiplying (−1)n−1/nq and sum-
ming over n yield the explicit formula of Si1···il i¯l+1···¯im,q¯.
Theorem 4.3. The alternating Euler sums Si1···il i¯l+1···¯im,q¯ are expressible in terms of alternating
MZVs:
Si1···il i¯l+1···¯im,q¯ =
∑
θ∈Cm
∑
ρ∈Sm
(−1)λ1+···+λp+1
θ1! · · · θp!
{
ζ(q¯, T˜1(A
(m)
ρ ), . . . , T˜p(A
(m)
ρ ))
+ζ(Tˇ1(A
(m)
ρ ), T˜2(A
(m)
ρ ), . . . , T˜p(A
(m)
ρ ))
}
,
where θ := (θ1, θ2, . . . , θp), λc and T˜c(A
(m)
ρ ) are defined by (4.2) and (4.3), for c = 1, 2, . . . , p,
and the parameter Tˇ1(A
(m)
ρ ) is defined by
Tˇ1(A
(m)
ρ ) =
{
q + iρ(1) + · · ·+ iρ(θ1) , if λ1 is even ,
q + iρ(1) + · · ·+ iρ(θ1) , if λ1 is odd .
5. Some special cases of Theorems 4.2 and 4.3
The expansion of non-alternating Euler sums in Theorem 2.1 can be obtained directly from
Theorem 4.2 by setting m = l. Now, let us consider some other cases of Theorems 4.2 and 4.3.
Similarly to the original notation of (alternating) MZVs, to succinctly state the next results,
we denote the Euler sums (1.1)–(1.3) by
Si1···im,q := S(i1, . . . , im, q; {1}m+1) ,
Si1···il i¯l+1···¯im,q := S(i1, . . . , im, q; {1}l, {−1}m−l, 1) ,
Si1···il i¯l+1···¯im,q¯ := S(i1, . . . , im, q; {1}l, {−1}m−l,−1) ,
respectively. In this way, the Euler sums and alternating Euler sums can be represented in a
unified manner. For example, all the linear sums can be denoted by S(p, q;σ1, σ2), where the
parameter σk = ∓1, depending on whether or not the kth parameter before the semicolon is
barred. Then using Theorems 4.2 and 4.3 as well as Eq. (3.7), we obtain the following corollary.
See Flajolet and Salvy’s results [21, Theorems 7.1 and 7.2]. See also [2, 36].
Corollary 5.1 (the Flajolet–Salvy theorem). The (alternating) linear Euler sums S(p, q;σ1, σ2)
satisfy
S(p, q;σ1, σ2) = σ1σ2{ζ(q, p;σ2, σ1) + ζ(p+ q;σ1σ2)} . (5.1)
In particular, when p+q is odd, the sums S(p, q;σ1, σ2) are reducible to (alternating) zeta values.
12
According to [46, Theorem 4.2], for two sums
An(m) =
n∑
k=1
xmk and Bn(m) =
∑
n≥k1>k2>···>km≥1
xk1xk2 · · · xkm ,
with Bn(0) = 1, we have
Bn(m) =
(−1)m−1
m
m−1∑
i=0
(−1)iBn(i)An(m− i) . (5.2)
Setting xk = (−1)
k/kr in (5.2) and letting n→∞ give the recurrence of ζ({r¯}m):
ζ({r¯}m) =
(−1)m−1
m


m−1∑
i=0
m−i odd
(−1)iζ({r¯}i)ζ(rm− ri) +
m−1∑
i=0
m−i even
(−1)iζ({r¯}i)ζ(rm− ri)


=
(−1)m−1
m
m−1∑
i=0
(−1)iζ({r¯}i)ζ(rm− ri; (−1)
m−i) . (5.3)
For example, we have
ζ({r¯}2) = −
1
2
ζ(2r) +
1
2
ζ2(r¯) ,
ζ({r¯}3) =
1
3
ζ(3r)−
1
2
ζ(r¯)ζ(2r) +
1
6
ζ3(r¯) ,
ζ({r¯}4) = −
1
4
ζ(4r) +
1
3
ζ(r¯)ζ(3r) +
1
8
ζ2(2r)−
1
4
ζ(2r)ζ2(r¯) +
1
24
ζ4(r¯) .
By Theorems 4.2 and 4.3 as well as Eq. (5.3), we obtain the expressions of quadratic sums.
Corollary 5.2. The (alternating) quadratic Euler sums S(i1, i2, q;σ1, σ2, σ3) satisfy
S(i1, i2, q;σ1, σ2, σ3)
= σ1σ2σ3


ζ(q, i1 + i2;σ3, σ1σ2) + ζ(q + i1 + i2;σ1σ2σ3)
+ζ(q, i1, i2;σ3, σ1, σ2) + ζ(q + i1, i2;σ1σ3, σ2)
+ζ(q, i2, i1;σ3, σ2, σ1) + ζ(q + i2, i1;σ2σ3, σ1)

 . (5.4)
Moreover, the alternating sums Sr¯2,r¯ are reducible to linear sums and alternating zeta values:
Sr¯2,r¯ = Sr¯,2r +
1
3
{ζ(3r)− ζ3(r¯)} . (5.5)
In particular, for any odd integer r, the sums Sr¯2,r¯ are expressible in terms of (alternating) zeta
values.
Proof. It suffices to derive (5.5). From (5.4), the alternating Euler sums Si¯1i¯2,q¯ satisfy
Si¯1 i¯2,q¯ = −ζ(q¯, i1 + i2)− ζ(q + i1 + i2)
− ζ(q¯, i¯1, i¯2)− ζ(q + i1, i¯2)− ζ(q¯, i¯2, i¯1)− ζ(q + i2, i¯1) .
Then using the recurrence (5.3), the reflection formula ζ(a¯, b)+ζ(b, a¯) = ζ(a¯)ζ(b)−ζ(a+ b), and
the expression Sp¯,q = −ζ(q, p¯)− ζ(p+ q), we have
Sr¯2,r¯ = −ζ(3r)− ζ(r¯, 2r)− 2ζ(2r, r¯)− 2ζ({r¯}3) = Sr¯,2r +
1
3
{ζ(3r)− ζ3(r¯)} .
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Example 5.1. Using Eq. (5.5) and doing some computation by (1.6) and (5.1) yield
S1¯2,1¯ = −
1
2
ζ(3) +
3
2
ζ(2) ln(2) +
1
3
ln3(2) ,
S3¯2,3¯ = −
7111
512
ζ(9) +
561
128
ζ(2)ζ(7) +
189
128
ζ(3)ζ(6) +
315
64
ζ(4)ζ(5) +
9
64
ζ3(3) .
Combining Eq. (5.5) with the identity
S2¯,4 =
1837
192
ζ(6)−
31
4
ζ(5) ln(2) −
33
16
ζ2(3) + 4ζ(5¯, 1¯)
gives
S2¯2,2¯ =
905
96
ζ(6)−
31
4
ζ(5) ln(2)−
33
16
ζ2(3) + 4ζ(5¯, 1¯) .
Moreover, by Eq. (5.4), we have
S12,2¯ = −ζ(5¯)− ζ(4¯, 1)− ζ(3¯, 2) − ζ(2¯, 3)− ζ(2¯, 1, 2) − ζ(2¯, 2, 1) ,
which, together with the evaluations of ζ(2¯, 1, 2) and ζ(2¯, 2, 1):
ζ(2¯, 1, 2) = −
177
64
ζ(5) +
23
16
ζ(2)ζ(3) ,
ζ(2¯, 2, 1) = 4Li5
(
1
2
)
−
73
64
ζ(5) + 4Li4
(
1
2
)
ln(2) −
3
2
ζ(2)ζ(3) +
7
4
ζ(3) ln2(2)
−
2
3
ζ(2) ln3(2) +
2
15
ln5(2) ,
gives
S12,2¯ = −4Li5
(
1
2
)
+
23
8
ζ(5)− 4Li4
(
1
2
)
ln(2) +
15
16
ζ(2)ζ(3) −
7
4
ζ(3) ln2(2)
+
2
3
ζ(2) ln3(2) −
2
15
ln5(2) .
Similarly to Theorem 3.4, we present the explicit expressions of Sr¯m,q, Srm,q¯ and Sr¯m,q¯.
Theorem 5.3. The alternating Euler sums Srm,q¯ satisfy
Srm,q¯ = −
∑
θ∈Cm
(
m
θ1, θ2, . . . , θp
)
{ζ(q¯, rθ1, rθ2, . . . , rθp) + ζ(q + rθ1, rθ2, . . . , rθp)} , (5.6)
and the alternating Euler sums Sr¯m,q and Sr¯m,q¯ satisfy
Sr¯m,q = (−1)
m
∑
θ∈Cm
(
m
θ1, θ2, . . . , θp
)
×
{
ζ(q, rθ1, . . . , rθp; 1, (−1)
θ1 , . . . , (−1)θp)
+ζ(q + rθ1, rθ2, . . . , rθp; (−1)
θ1 , (−1)θ2 , . . . , (−1)θp)
}
,
Sr¯m,q¯ = (−1)
m+1
∑
θ∈Cm
(
m
θ1, θ2, . . . , θp
)
×
{
ζ(q, rθ1, . . . , rθp;−1, (−1)
θ1 , . . . , (−1)θp)
+ζ(q + rθ1, rθ2, . . . , rθp; (−1)
θ1+1, (−1)θ2 , . . . , (−1)θp)
}
,
where θ := (θ1, θ2, . . . , θp).
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Proof. In the case of Srm,q¯, there holds λc = 0; then T˜c(A
(m)
ρ ) = rθc and Tˇ1(A
(m)
ρ ) = q + rθ1.
In the cases of Sr¯m,q and Sr¯m,q¯, there holds λc = θc, and the expressions of T˜c(A
(m)
ρ ), Tˆ1(A
(m)
ρ )
and Tˇ1(A
(m)
ρ ) depend on the parity of θc and θ1.
Example 5.2. The expression (5.6) gives
S13,2¯ = −ζ(2¯, 3) − ζ(5¯)− 3ζ(2¯, 1, 2) − 3ζ(3¯, 2)
− 3ζ(2¯, 2, 1) − 3ζ(4¯, 1) − 6ζ(2¯, 1, 1, 1) − 6ζ(3¯, 1, 1) .
By [45], we have
ζ(k + 2, {1}m−1) =
(−1)m+k
m!k!
∫ 1
0
lnk(x) lnm(1 + x)
x
dx ,
which yields
ζ(2¯, 1, 1, 1) = −Li5
(
1
2
)
+ ζ(5)− Li4
(
1
2
)
ln(2) −
7
16
ζ(3) ln2(2)
+
1
6
ζ(2) ln3(2) −
1
30
ln5(2) ,
ζ(3¯, 1, 1) = −2Li5
(
1
2
)
+
33
32
ζ(5)− 2Li4
(
1
2
)
ln(2) +
1
2
ζ(2)ζ(3)−
7
8
ζ(3) ln2(2)
+
1
3
ζ(2) ln3(2) −
1
15
ln5(2) .
Thus, combining with the evaluations of ζ(2¯, 1, 2) and ζ(2¯, 2, 1), we have
S13,2¯ = 6Li5
(
1
2
)
−
9
4
ζ(5) + 6Li4
(
1
2
)
ln(2) −
27
16
ζ(2)ζ(3) +
21
8
ζ(3) ln2(2)
− ζ(2) ln3(2) +
1
5
ln5(2) .
6. Maple package for (alternating) Euler sums
We have developed the Maple package to evaluate the (alternating) Euler sums
Si1i2···im,q , Si1···il i¯l+1···¯im,q , Si1···il i¯l+1···¯im,q¯
by the theory of this paper. The readers can download our Maple package from [52].
Using the function
EulerSum([i1, . . . , im, q])
related to Theorem 2.1, we obtain directly the explicit formula of Si1i2···im,q in terms of MZVs.
By further running the program on MZVs provided by Petitot [33], we can transform the result
and obtain the explicit formula in terms of ζ(2), ζ(6, 2), ζ(8, 2), ζ(10, 2), ζ(8, 2, 1), ζ(8, 2, 1, 1),
etc., and ζ(s), for odd integer s ≥ 3. For the Euler sums of small weights, more transformations
can be applied to the explicit formulas to obtain the familiar forms. Let us take the sum S13,9
for an instance. By the function, Maple gives
S13,9 = ζ(9, 3) + 3ζ(9, 1, 2) + 3ζ(9, 2, 1) + 6ζ(9, 1, 1, 1)
+ ζ(12) + 3ζ(10, 2) + 3ζ(11, 1) + 6ζ(10, 1, 1)
=
1060345
22112
ζ(12) − 35ζ(3)ζ(9) − 33ζ(5)ζ(7) + 3ζ(2)ζ(3)ζ(7) +
3
2
ζ(2)ζ2(5)
15
+
21
4
ζ(6)ζ2(3) +
15
2
ζ(3)ζ(4)ζ(5) −
1
4
ζ4(3) +
15
4
S2,10 .
It can be found that the number of non-alternating Euler sums of weight w is
∑w−2
k=1 p(k),
where p(k) is the number of partitions of the positive integer k. Thus, the numbers of non-
alternating Euler sums of weights 3, 4, 5, 6, 7, 8, 9, 10, 11 are 1, 3, 6, 11, 18, 29, 44, 66, 96, respec-
tively. The evaluations of these Euler sums were presented in [21, 37, 38, 42, 43, 46, 50, 51, 53].
Using the package developed in this paper, we have checked all the non-alternating Euler sums
of weight w ≤ 11 directly.
Just as the non-alternating case, using the function
AEulerSum([i1, . . . , im, q])
related to Theorems 4.2 and 4.3, we can express the alternating Euler sums in terms of alter-
nating MZVs. Note that in this function, we use −r instead of the parameter r¯. Moreover, by
substituting the evaluations of the alternating MZVs, the alternating Euler sums can be further
reduced to zeta values, polylogarithms, ln 2, etc. For example, to compute S12,3¯, we should input
AEulerSum([1, 1,−3]), and Maple gives
S12,3¯ = −ζ(5¯)− 2ζ(4¯, 1) − ζ(3¯, 2)− 2ζ(3¯, 1, 1)
= 4Li5
(
1
2
)
−
19
32
ζ(5) + 4Li4
(
1
2
)
ln(2)−
11
8
ζ(2)ζ(3) +
7
4
ζ(3) ln2(2)
−
2
3
ζ(2) ln3(2) +
2
15
ln5(2) .
Similarly, by the program, we have
S1¯2,3 = 4Li5
(
1
2
)
−
167
32
ζ(5) +
19
8
ζ(4) ln(2) +
3
4
ζ(2)ζ(3) +
7
4
ζ(3) ln2(2)
+
1
3
ζ(2) ln3(2) −
1
30
ln5(2) ,
S1¯2,3¯ = −
19
32
ζ(5)− 4Li4
(
1
2
)
ln(2) +
19
8
ζ(4) ln(2) +
3
8
ζ(2)ζ(3) + ζ(2) ln3(2) −
1
6
ln5(2) ,
S11¯,3 = 2Li5
(
1
2
)
−
193
64
ζ(5) + 4ζ(4) ln(2) +
3
8
ζ(2)ζ(3) −
7
8
ζ(3) ln2(2)
+
1
6
ζ(2) ln3(2) −
1
60
ln5(2) ,
S11¯,3¯ = 2Li5
(
1
2
)
−
37
16
ζ(5) + 4ζ(4) ln(2)−
1
8
ζ(2)ζ(3)−
7
8
ζ(3) ln2(2)
+
1
6
ζ(2) ln3(2) −
1
60
ln5(2) .
Using the tables of alternating MZVs given in [5], we have computed all the alternating Euler
sums of weight w ≤ 6. The evaluations of some alternating Euler sums of weight w ≤ 5 can
be found in [44, 47–49, 54], so we list in the following table, as examples, the evaluations of 18
alternating Euler sums of weight 6, which are of the form
Spi1pi2···pik,q¯ =
∞∑
n=1
(−1)n−1
H
(pi1)
n H
(pi2)
n · · ·H
(pik)
n
nq
.
Note that the values in this table represent the coefficients. For instance, it shows
S15,1¯ = −
91
16
ζ(6)− 20Li5
(
1
2
)
ln(2) +
565
32
ζ(5) ln(2) + 5Li4
(
1
2
)
ζ(2)
16
− 10Li4
(
1
2
)
ln2(2)− 10ζ(4) ln2(2)−
79
32
ζ2(3) +
45
8
ζ(3)ζ(2) ln(2)
−
15
4
ζ(3) ln3(2) +
55
24
ζ(2) ln4(2) −
5
12
ln6(2) .
The evaluations of these alternating sums have not been presented in the literature.
Acknowledgments
The authors would like to thank Professor Petitot for his kind help. The second author is
supported by the National Natural Science Foundation of China (under Grant 11671360), and
the Zhejiang Provincial Natural Science Foundation of China (under Grant LQ17A010010).
References
[1] V. Adamchik, On Stirling numbers and Euler sums, J. Comput. Appl. Math. 79 (1) (1997) 119–130.
[2] D.H. Bailey, J.M. Borwein, R. Girgensohn, Experimental evaluation of Euler sums, Experiment. Math. 3 (1) (1994)
17–30.
[3] B.C. Berndt, Ramanujan’s Notebooks. Part I, Springer-Verlag, New York, 1985.
[4] M. Bigotte, G. Jacob, N.E. Oussous, M. Petitot, Lyndon words and shuffle algebras for generating the coloured
multiple zeta values relations tables, Theoret. Comput. Sci. 273 (1–2) (2002) 271–282.
[5] J. Blümlein, D.J. Broadhurst, J.A.M. Vermaseren, The multiple zeta value data mine, Comput. Phys. Comm. 181 (3)
(2010) 582–625.
[6] J. Blümlein, S. Kurth, Harmonic sums and Mellin transforms up to two loop order, Phys. Rev. D. 60 (1) (1999),
014018.
[7] D. Borwein, J.M. Borwein, On an intriguing integral and some series related to ζ(4), Proc. Amer. Math. Soc. 123 (4)
(1995) 1191–1198.
[8] D. Borwein, J.M. Borwein, R. Girgensohn, Explicit evaluation of Euler sums, Proc. Edinburgh Math. Soc. (2) 38 (2)
(1995) 277–294.
[9] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, Evaluations of k-fold Euler/Zagier sums: a compendium of results for
arbitrary k, Electron. J. Combin. 4 (2) (1997) Research Paper 5, approx. 21 pp.
[10] J.M. Borwein, R. Girgensohn, Evaluation of triple Euler sums, Electron. J. Combin. 3 (1) (1996) Research Paper 23,
27 pp.
[11] K.N. Boyadzhiev, Consecutive evaluation of Euler sums, Int. J. Math. Math. Sci. 29 (9) (2002) 555–561.
[12] D.J. Broadhurst, Exploiting the 1,440-fold symmetry of the master two-loop diagram, Z. Phys. C, 32 (2) (1986)
249–253.
[13] D.J. Broadhurst, Multiple zeta values and modular forms in quantum field theory, Computer algebra in quantum
field theory, 33–73, Texts Monogr. Symbol. Comput., Springer, Vienna, 2013.
[14] K.-W. Chen, Generalized harmonic numbers and Euler sums, Int. J. Number Theory 13 (2) (2017) 513–528.
[15] X. Chen, W. Chu, The Gauss 2F1(1)-summation theorem and harmonic number identities, Integral Transforms Spec.
Funct. 20 (11–12) (2009) 925–935.
[16] J. Choi, H.M. Srivastava, Explicit evaluation of Euler and related sums, Ramanujan J. 10 (1) (2005) 51–70.
[17] W. Chu, Hypergeometric series and the Riemann zeta function, Acta Arith. 82 (2) (1997) 103–118.
[18] M.W. Coffey, On some log-cosine integrals related to ζ(3), ζ(4), and ζ(6), J. Comput. Appl. Math. 159 (2) (2003)
205–215.
[19] M.-A. Coppo, B. Candelpergher, The Arakawa-Kaneko zeta function, Ramanujan J. 22 (2) (2010) 153–162.
[20] P.J. De Doelder, On some series containing ψ(x)−ψ(y) and (ψ(x)−ψ(y))2 for certain values of x and y, J. Comput.
Appl. Math. 37 (1–3) (1991) 125–141.
[21] P. Flajolet, B. Salvy, Euler sums and contour integral representations, Experiment. Math. 7 (1) (1998) 15–35.
[22] P. Freitas, Integrals of polylogarithmic functions, recurrence relations, and associated Euler sums, Math. Comp. 74
(251) (2005) 1425–1440.
[23] O. Furdui, Series involving products of two harmonic numbers, Math. Mag. 84 (5) (2011) 371–377.
[24] Kh. Hessami Pilehrood, T. Hessami Pilehrood, R. Tauraso, New properties of multiple harmonic sums modulo p and
p-analogues of Leshchiner’s series, Trans. Amer. Math. Soc. 366 (6) (2014) 3131–3159.
[25] M.E. Hoffman, Multiple harmonic series, Pacific J. Math. 152 (2) (1992) 275–290.
[26] M.E. Hoffman, The algebra of multiple harmonic series, J. Algebra 194 (2) (1997) 477–495.
[27] C. Kassel, Quantum Groups, Graduate Texts in Mathematics, 155, Springer-Verlag, New York, 1995.
[28] K.S. Kölbig, Closed expressions for
∫ 1
0
t−1 logn−1 t logp(1− t) dt, Math. Comp. 39 (160) (1982) 647–654.
[29] K.S. Kölbig, Nielsen’s generalized polylogarithms, SIAM J. Math. Anal. 17 (5) (1986) 1232–1258.
[30] I. Mező, Nonlinear Euler sums, Pacific J. Math. 272 (1) (2014) 201–226.
[31] H.N. Minh, M. Petitot, Lyndon words, polylogarithms and the Riemann ζ function, Discrete Math. 217 (1–3) (2000)
273–292.
[32] A. Panholzer, H. Prodinger, Computer-free evaluation of an infinite double sum via Euler sums, Sém. Lothar. Combin.
55 (2005/07) Art. B55a, 3 pp.
[33] M. Petitot, Table des Multiple Zeta Values jusqu’au poids 16, in http://cristal.univ-lille.fr/∼petitot/recherche/MZV/
mzv16.pdf, 2009.
[34] T.M. Rassias, H.M. Srivastava, Some classes of infinite series associated with the Riemann zeta and polygamma
functions and generalized harmonic numbers, Appl. Math. Comput. 131 (2–3) (2002) 593–605.
17
No. Sums Li6(
1
2
) ζ(6) Li5(
1
2
) ln(2) ζ(5) ln(2) Li4(
1
2
)ζ(2) Li4(
1
2
) ln2(2) ζ(4) ln2(2) ζ2(3) ζ(3)ζ(2) ln(2) ζ(3) ln3(2) ζ(2) ln4(2) ln6(2) ζ(5¯, 1¯)
1 S15,1¯ 0 −
91
16
−20 565
32
5 −10 −10 − 79
32
45
8
− 15
4
55
24
− 5
12
0
2 S132,1¯ 12 −
71
192
6 − 155
32
−1 3 − 11
16
− 15
8
− 3
4
7
8
− 5
12
11
120
5
3 S123,1¯ 0
91
32
4 − 31
4
−1 2 59
16
− 11
64
3
8
− 1
4
− 5
24
1
20
0
4 S122 ,1¯ 0 −
35
16
−8 341
32
1 −4 − 17
4
27
32
− 7
8
0 3
8
− 1
10
0
5 S14,1¯ 0 −
553
192
0 93
32
−1 0 17
16
9
8
0 0 − 1
24
0 −3
6 S23,1¯ 0
289
192
0 − 31
16
2 0 − 5
4
− 3
4
3
8
0 1
12
0 2
7 S5,1¯ 0
111
64
0 − 15
16
0 0 0 − 9
32
0 0 0 0 0
8 S14,2¯ −24 −
181
96
−24 155
8
6 −12 − 15
4
45
32
21
4
− 7
2
7
4
− 1
3
−10
9 S122,2¯ 8 −
5
192
8 − 93
16
−1 4 5
8
− 67
64
− 7
8
7
6
− 13
24
1
9
3
10 S13,2¯ 0
2945
384
0 − 217
32
0 0 0 − 93
64
0 0 0 0 7
2
11 S22,2¯ 0 −
415
96
0 31
4
−4 0 5
2
71
16
− 7
2
0 − 1
6
0 −4
12 S4,2¯ 0 −
1483
192
0 31
4
0 0 0 33
16
0 0 0 0 −4
13 S13,3¯ −12
69
64
−12 279
32
3 −6 − 15
8
9
64
21
8
− 7
4
7
8
− 1
6
− 9
2
14 S12,3¯ 0 −
673
192
0 93
32
1 0 − 5
8
23
64
7
8
0 1
24
0 − 3
2
15 S3,3¯ 0
823
64
0 − 93
8
0 0 0 − 81
32
0 0 0 0 6
16 S12,4¯ 0
709
192
0 − 31
16
0 0 0 −1 0 0 0 0 1
17 S2,4¯ 0 −
1511
192
0 31
4
0 0 0 9
4
0 0 0 0 −4
18 S1,5¯ 0
109
32
0 − 31
16
0 0 0 − 3
4
0 0 0 0 1
Table 1: The evaluations of 18 alternating Euler sums of weight 6
18
[35] L.-C. Shen, Remarks on some integrals and series involving the Stirling numbers and ζ(n), Trans. Amer. Math. Soc.
347 (4) (1995) 1391–1399.
[36] R. Sitaramachandra Rao, A formula of S. Ramanujan, J. Number Theory 25 (1) (1987) 1–19.
[37] P. Sun, Computing the 5-order sums of ζ(k), (Chinese) Acta Math. Sinica (Chin. Ser.) 46 (2) (2003) 297–302.
[38] P. Sun, The 6-order sums of Riemann zeta function, (Chinese) Acta Math. Sinica (Chin. Ser.) 50 (2) (2007) 373–384.
[39] L.-P. Teo, Alternating double Euler sums, hypergeometric identities and a theorem of Zagier, J. Math. Anal. Appl.
462 (2018) 777–800.
[40] C.I. Vălean, A new proof for a classical quadratic harmonic series, J. Class. Anal. 8 (2) (2016) 155–161.
[41] C.I. Vălean, O. Furdui, Reviving the quadratic series of Au-Yeung, J. Class. Anal. 6 (2) (2015) 113–118.
[42] W. Wang, Y. Lyu, Euler sums and Stirling sums, J. Number Theory 185 (2018) 160–193.
[43] W. Wang, C. Xu, Euler sums of weights 10 and 11, and some special types, Technical Report, 2017, https://doi.org/10.
13140/RG.2.2.12454.42563/4.
[44] C. Xu, Explicit evaluation of harmonic sums, Commun. Korean Math. Soc. 33 (1) (2018) 13–36.
[45] C. Xu, Integrals of logarithmic functions and alternating multiple zeta values, (2017) arXiv: 1701.00385.
[46] C. Xu, Multiple zeta values and Euler sums, J. Number Theory 177 (2017) 443–478.
[47] C. Xu, Some evaluation of cubic Euler sums, J. Math. Anal. Appl. 466 (1) (2018) 789–805.
[48] C. Xu, Y. Cai, On harmonic numbers and nonlinear Euler sums, J. Math. Anal. Appl. 466 (1) (2018) 1009–1042.
[49] C. Xu, J. Cheng, Some results on Euler sums, Funct. Approx. Comment. Math. 54 (1) (2016) 25–37.
[50] C. Xu, J. Cheng, The 7-order sums of the Riemann zeta function, (Chinese) Acta Math. Sinica (Chin. Ser.) 59 (2)
(2016) 151–162.
[51] C. Xu, Z. Li, Tornheim type series and nonlinear Euler sums, J. Number Theory 174 (2017) 40–67.
[52] C. Xu, W. Wang, Explicit formulas of Euler sums via multiple zeta values, Technical Report, 2017, https://doi.org/
10.13140/RG.2.2.12229.55523.
[53] C. Xu, Y. Yan, Z. Shi, Euler sums and integrals of polylogarithm functions, J. Number Theory 165 (2016) 84–108.
[54] C. Xu, Y. Yang, J. Zhang, Explicit evaluation of quadratic Euler sums, Int. J. Number Theory 13 (3) (2017) 655–672.
[55] D. Zagier, Values of zeta functions and their applications, First European Congress of Mathematics, Vol. II (Paris,
1992), 497–512, Progr. Math., 120, Birkhäuser, Basel, 1994.
[56] D.-Y. Zheng, Further summation formulae related to generalized harmonic numbers, J. Math. Anal. Appl. 335 (1)
(2007) 692–706.
19
